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Modeling of finishing force and torque
in ultrasonic-assisted magnetic
abrasive finishing process
Aviral Misra1, Pulak Mohan Pandey1, Uday S Dixit2, Anish Roy3 
and Vadim V Silberschmidt3
A new finishing technique called ultrasonic-assisted magnetic abrasive finishing integrates ultrasonic vibration with mag-
netic abrasive finishing process for finishing of workpiece surface more efficiently as compared to magnetic abrasive fin-
ishing in the nanometer range. During finishing, two types of forces are generated in ultrasonic-assisted magnetic 
abrasive finishing, namely, a normal force (indentation force) and a tangential force (cutting force) that produces a tor-
que. The finishing forces have direct control on the rate of change of surface roughness and material removal rate of the 
workpiece surface. This article deals with the theoretical modeling of the normal force and the finishing torque based on 
the process physics. In this work, finite element simulations of the electromagnet were performed to calculate a mag-
netic flux density in the working zone; they were also used to evaluate the normal force on the workpiece surface. The 
theory of friction for the abrasion of metals was applied together with the effect of ultrasonic vibration to calculate the 
finishing torque. The developed model predicts the normal force and finishing torque in ultrasonic-assisted magnetic 
abrasive finishing as functions of the supply voltage, working gap and concentration of abrasive particles in a flexible mag-
netic abrasive brush. A comparison of theoretical and experimental results is performed to validate the proposed 
model.
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Introduction
With present technological advancements, there is a
great need for a wide range of industries to have fine
finishing capabilities which can produce surface rough-
ness in nanometer range. There were many develop-
ments over the last few decades in the cost-effective
and quality-assured manufacturing of precisely finished
components for a variety of industrial applications.1,2
There are a number of finishing processes involving the
use of abrasives, for example, abrasive flow machin-
ing,3–5 magneto-rheological fluid-based machining6,7
and magnetic abrasive finishing (MAF).8 In MAF, the
finishing forces are primarily controlled by the mag-
netic field produced by a permanent magnet or an elec-
tromagnet.9 The MAF process gained popularity in the
industrial application as it can be used for finishing of
both ferromagnetic and non-ferromagnetic materials.
In this process, a flexible magnetic abrasive brush
(FMAB) is formed that finishes the surface. The
process has several advantages over bonded abrasive
processes such as grinding. Some of these are self-
adaptability of finishing tool, self-sharpening of abra-
sives and no requirement of dressing.1,10,11 However, it
was found that MAF was less efficient with regard to
the rate of improvement in the surface finish when used
for finishing of materials with high hardness values.12,13
Many variants of MAF were developed to reduce this
shortcoming and also to enhance the process
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capabilities; ultrasonic-assisted magnetic abrasive fin-
ishing (UAMAF) process is one such development in
this direction.14
UAMAF is a hybrid finishing process in which ultra-
sonic vibration is introduced into a finishing zone of the
MAF process to obtain improved surface topology
within a reasonably short period of time. It was found
experimentally that the UAMAF process provided bet-
ter performance than a conventional MAF process.
UAMAF could produce a finished surface with rough-
ness value of 22 nm using unbonded or loose magnetic
abrasive particles (UMAPs) with AISI 52100 as the
workpiece material.15 A schematic of the UAMAF
setup is shown in Figure 1. The electromagnet had four
poles alternately arranged as north and south poles,
and ultrasonic vibration was applied to the workpiece
fixture by a horn attached to a transducer. The work-
piece fixture was mounted on a dynamometer assembly
to monitor the magnitude of finishing forces and torque
during experimentation. In UAMAF, nano-scratching
and micro-chipping by abrasive particles, additionally
enhanced due to ultrasonic vibrations, were responsible
for material removal from the workpiece surface.16
Forces encountered during the finishing had a direct
influence on quality and exactitude of the finished sur-
face. Hence, it is imperative to have an in-depth under-
standing of the forces involved in UAMAF. Finishing
forces in UAMAF were induced as a result of the inter-
action of FMAB with the workpiece surface in the pres-
ence of ultrasonic vibration. The strength of the FMAB
depended upon the magnetic field produced by the elec-
tromagnet, a higher strength of FMAB resulting in a
higher finishing force during the process. There were
two main finishing forces during UAMAF process,
namely, a normal force and a tangential force. The nor-
mal force (Fn) was caused by the strength of the mag-
netic field in the working zone and was responsible for
indentations of abrasive particles on to the surface of
workpiece. The tangential force (Ft) was responsible for
shearing off irregularities from the workpiece surface; it
was a resultant of forces generated by rotation of the
FMAB and ultrasonic vibration.
The first successful attempt to model an MAF pro-
cess was made by Shinmura et al.17 They developed
equations for finishing forces on a cylindrical workpiece
and estimated the magnetic pressure created by abrasive
particles on the workpiece surface. Their model pro-
vided the good qualitative agreement with the experi-
ments. Another model for the evaluation of magnetic
finishing pressure on the workpiece surface was devel-
oped by Khairy.18 He modeled kinematics of the MAF
process analytically by considering similarities of the
cutting zone of belt or form grinding with that of MAF
and validated the model with experiments on steel bars.
Mori et al.19 explained the formation of the FMAB
from the standpoint of brush formation energy consid-
ering varying weights of magnetic abrasive particles.
The mechanism of MAF was described on the basis of
normal and tangential forces acting on the edges of
FMAB. The calculated values of normal force agreed
well with the measured ones.
A theoretical model to estimate the finishing pres-
sure, surface roughness and finishing time for a tool–
workpiece interaction in a cylindrical MAF process was
estimated by Kim and Choi.20 They deduced that the
strength of magnetic flux density in the working gap
was greatly affected by the magnitude of the gap. A
finite element analysis (FEA) of magnetic field for the
prediction of magnetic potential in the working gap
was carried out by Jayswal et al.21 to calculate normal
and tangential forces in the case of the MAF process.
They also discussed different conditions of the finishing
forces for the removal of material from the workpiece.
Kala et al.22 modeled normal and tangential forces in
double-disk MAF process considering the analogy of a
string fixed at two ends under tension. The equations of
Lorentz force and the Ampere’s law were used to calcu-
late the forces. They used experimental data to incorpo-
rate the effect of magnetic flux density and angle of
inclination of FMAB chains. The model was validated
using experimental results.
The literature survey indicates that attempts17–22
were made to predict the finishing forces during MAF.
First attempt to model UAMAF process was made by
Mulik and Pandey.23 They developed a model for the
prediction of finishing force and torque as functions of
the supplied voltage, working gap and hardness of the
workpiece surface. They assumed abrasive grains of a
tetrahedral shape and tangential force exerted by the
indented part of grains as a shear force on the work-
piece material. The effect of ultrasonic vibration on the
finishing torque was calculated based on its impulse.
The developed model of normal force and finishing tor-
que was in good agreement with the experimental
results.
In this work, an improved model of UAMAF for the
estimation of finishing force and torque was developed.
The novelty of this model compared to existing model
is as follows:
 The average magnetic flux density on the surface of
the workpiece is obtained by finite element
simulation.
 A body-centered cubic (BCC) structure is assumed
for the arrangement of ferromagnetic and abrasive
particles throughout the working gap.
 The effect of ultrasonic vibration on the finishing
torque is assessed by considering the relative velo-
city of abrasive particles and the workpiece surface,
unlike considering only the impulse of vibration to
incorporate its effect.
 The theory of abrasion in metal is used for the cal-
culation of friction between the FMAB and the
workpiece surface.
The developed model was used to predict the normal
force and finishing torque considering the voltage,
working gap and concentration of abrasives as signifi-
cant parameters. It was validated with the experiments.
Modeling of finishing force and torque
The mechanism for the formation of the FMAB and its
interaction with the workpiece surface is a complex sys-
tem; hence, to simplify the mathematical modeling of
the finishing force and torque, the following realistic
assumptions are made:
1. All the ferromagnetic and abrasive particles are
considered spherical in shape. Although these par-
ticles are of varied shape due to the differences in
their corresponding manufacturing methods, this
assumption saves the modeling effort substantially
and relinquishes the problem of obtaining a large
amount of data regarding the shape of the parti-
cles, since particles can be characterized by a
unique parameter, that is, the grain diameter.24
Also, the orientation of active abrasive grains on
the surface of the workpiece is rendered
inconsequential.
2. The size of ferromagnetic and abrasive particles
depends on their mesh or sieve number and
remains uniform throughout the FMAB. The dia-
meter of abrasive (Da) or ferromagnetic (Df) parti-
cles can be related to the mesh number (M) as
Df or Da=0:6=M3 25:4 (mm), and if abrasive
particles are specified in terms of a range of the
mesh number, then the size distribution is assumed
to be normal and is symmetric about the mean
particle diameter (Da) given by Da=7:62 Ma+ð
Mb=MaMbÞ(mm), where Ma is the lower mesh
number, allowing all the grains to pass through the
sieve, andMb is the upper mesh number, detaining
most of the grains in the sieve.24
3. The ferromagnetic chains formed are continuous
and remain unaffected by the presence of non-
magnetic abrasive particles and rotation of the
electromagnet.
4. A magnetic flux density is uniformly distributed
over the workpiece surface and also does not vary
with time. Its magnitude, for theoretical calcula-
tions, is the average of values obtained from simu-
lations at different locations on the surface of the
workpiece under the FMAB.
5. The properties of UMAPs do not change during
the process. As UAMAF has a low material
removal rate, the removed material mixed with
UMAPs does not significantly alter properties of
the FMAB.
6. Only a fraction of the abrasive particles that are in
contact with the workpiece surface takes part in
cutting action, and those particles are known as
active abrasive particles.
7. The FMAB consists of abrasive and ferromagnetic
particles without voids.
Finite element simulation of magnetic field
Distribution of the magnetic field in the finishing zone
significantly affects the finishing characteristics of the
process.20 Its distribution in the machining gap deter-
mines the configuration and rigidity of the FMAB for
the finishing operation.25 The magnetic field distribu-
tion in the working gap includes the magnitude of mag-
netic flux density as well as its gradient. It depends on
the shape, size, the material of the magnetic poles, sup-
plied voltage (or current) to the coils of the electromag-
net and the relative position of magnetic poles with
regard to the workpiece. Indentation of an active abra-
sive particle into the workpiece surface is due to the
normal force applied to it by surrounding magnetized
ferromagnetic particles as a result of the magnetic levi-
tation force.6 All the above factors are important to
calculate the magnetic force acting on active abrasive
particles, producing finishing pressure on the surface of
the workpiece during UAMAF. When a voltage (or
current) is applied to the electromagnet, a magnetic
field is created in the working gap. Higher the magnetic
flux density, the higher is the strength of the FMAB
and the higher are the forces acting during the interac-
tion of FMAB and surface of the workpiece. To deter-
mine the magnetic flux density (B) in the finishing
zone, FEA of the electromagnet was performed. A
finite element simulator for electromagnetic problems,
Ansoft Maxwell V13, was used for this purpose. The
simulation results provided the magnetic flux density at
different locations on the surface of the workpiece. The
magnetostatic solver used the following Maxwell equa-
tions of magnetism for steady-state condition
r3H= J and r3B=0. The constitutive (material)
relationship is B=m0 H+Mð Þ, where H is the mag-
netic field intensity, J is the DC current density field
flowing in the direction of transmission, B is the mag-
netic flux density andM is the magnetization vector or
the magnetic dipole moment per unit volume. The mag-
netic flux density B was considered continuous across
the boundary at the interface between the different
components. Also, the magnetic field H was tangential
to the region other that the electromagnet assembly;
magnetic flux could not cross the region.
Mathematically, an3 (H1 H2)= J and an:(B1  B2)
=0, where an is the unit normal vector to the surface
and directed form body 1 to body 2, indices 1 and 2
denote fields in body 1 and 2.
A computer-aided design (CAD) model of electro-
magnet was developed (refer Figure 1) in the software.
The length and cross section of the magnet were 55mm
and 25mm 3 15mm, respectively, with the diameter of
the magnet core as 80mm. The relative permeability of
the core (iron) was 4000, conductivity of coils (copper)
58 3 106 S/m and the relative magnetic permeability of
working gap (air) was 1. Different excitations in the
range of 20–100V were applied to the coils of the elec-
tromagnet to get the magnetic flux density on the sur-
face of the workpiece considering different working
gaps in the range of 1–2.5mm. The element used in
numerical simulations was a tetrahedron with the field
approximated over it as a second-order basis function
to account for geometrical complexities and also to
improve the accuracy of the solution. The final solution
was obtained using an iterative solution method, with
an initial mesh generated based on a surface approxi-
mation and further refinement of mesh occurring in
regions with an error in energy norm higher than 1%.
The value of error in the energy norm was computed
after each solution step and used as a measure of con-
vergence for the refined mesh. The total of 20 iterative
steps was performed to get the final solution. In total,
192,189 tetrahedral elements were created in the final
step.
A contour plot of magnetic flux density on the
surface of the workpiece and magnetic lines of forces
created in the working gap as observed in the final step
of simulations are depicted in Figure 2(a). From
Figure 2(a), it can be seen that the magnetic flux den-
sity was higher under the poles than elsewhere and has
similar variation under every pole. A surface plot under
the magnetic pole (Figure 2(b)) is drawn from the simu-
lation data in order to conceptualize correct variation
of magnetic flux density. The magnetic flux distribution
was observed to have different magnitudes varying with
the location under the pole. Hence, for calculation of
the average magnetic flux density, the magnitude of
magnetic flux density was considered at the interval of
1mm throughout the rectangular area of the slot, and
its average value was calculated.
Number of active abrasive particles
The normal force acting on abrasive particles will force
them to indent on to the workpiece surface, and the
relative motion (due to tangential force) between these
abrasive particles and workpiece surface will shear off
the material in front of the indented portion of the
abrasive particle as micro/nano-scratching. Only a few
abrasive particles come in contact with the workpiece
surface and actually take part in the finishing action;
these are known as ‘‘active abrasive particles’’. Hence,
for the development of any theoretical model for calcu-
lation of forces, material removal or surface roughness
in UAMAF, the assessment of active abrasive particles
is a necessary step. UMAPs are a blend of ferromag-
netic and abrasive particles. In UMAPs, abrasive and
ferromagnetic particles are randomly arranged. When
the magnetic field is activated, the ferromagnetic parti-
cles in UMAPs orient themselves in the form of chains
along the magnetic lines of force. The chains are formed
as a result of interaction between the magnetic dipoles
Figure 1. Experimental setup used to estimate normal force
and finishing torque during UAMAF: (a) schematic diagram and
(b) actual system.
Figure 2. (a) Contour plot of magnetic flux distribution on
surface of workpiece and (b) surface plot of magnetic flux
density under one pole.
of ferromagnetic particles due to the application of
magnetic field.26 The stable brush forms only when the
magnetic energy required for its formation is the mini-
mum;19 the minimum value of dipolar energy occurs
when dipoles join each other and align along the direc-
tion of field forming the chains of ferromagnetic parti-
cles.27 The abrasive particles of non-magnetic nature
get entrapped between these chains of ferromagnetic
particles thus forming the FMAB (Figure 3(a)). The
magnetic energy present in the FMAB is used to grip
non-magnetic abrasive particles; at the equilibrium con-
dition, the FMAB also attains the minimum energy.19
Due to the presence of non-magnetic abrasive particles,
chains are hardly continuous and form a complex struc-
ture combining ferromagnetic and abrasive particles.
Considering, these facts and to simplify the analysis, it
was assumed that an abrasive particle in combination
with eight ferromagnetic particles forms a BCC struc-
ture with ferromagnetic particles at eight corners of the
cube and the abrasive particle remaining at its center28
as shown in Figure 3(b). Hence, a uniformity through-
out the FMAB can be observed. Assuming BCC struc-
ture implies that abrasive particle is rigidly entrapped
between the ferromagnetic particles and no relative
motion between them is possible since ferromagnetic
particles attain the position along the magnetic lines of
forces. It also implies that the force from any direction
(horizontal or vertical) that acts on ferromagnetic parti-
cles is completely transmitted to the adjacent abrasive
particle. Due to large number of random abrasive and
ferromagnetic particles, the above assumptions may be
reasonable. It was also assumed that this unit of BCC
cells was uniformly distributed throughout the work-
piece surface.
As shown in Figure 3(c), one BCC unit has one abra-
sive grain in it. The total number of BCC units on the
surface of the workpiece is the ratio of area of the brush
in contact with the surface of workpiece to the area of
the face of one BCC unit, which depends on the size of
ferromagnetic and abrasive particles. The length of the
unit BCC cell (l) can be calculated as follows
l=
Da+Dfffiffiffi
3
p ð1Þ
Da and Df are the diameters of the abrasive and ferro-
magnetic particles, respectively.
The area of the brush Abrush in contact with the sur-
face of the workpiece is given by assuming that the
effective magnetic field for creating sufficient forces for
finishing occurs only under the pole of the magnet
Abrush=area of single pole3 number of poles3hb
ð2Þ
where hb is the factor that takes into account the devia-
tion of the actual area of the brush involved in finishing
as compared to the area of the pole of the electromag-
net, which is the source of magnetic energy for the for-
mation of the FMAB. The factor hb is the ratio of
actual area of the brush in contact with the workpiece
surface Aw to that of the pole of electromagnet Ap and
can be written as
hb=
Aw
Ap
ð3Þ
Here, for simplicity, hb is assumed to be equal to 1 as
there was a high magnetic field under the poles of elec-
tromagnet only that vanishes away from the pole
(Figure 2(a)). Hence, the number of active abrasive
particles na is given as
na=
Abrush
l2
ð4Þ
Volume fraction of ferromagnetic particles
The volume fraction of ferromagnetic particles can be
calculated from the weight fraction of abrasive particles
(or concentration) C as follows. The density of the
brush (rbrush) is given by
rbrush=
1003 rabrasive3 rferro
C3 rferro+ 100 Cð Þ3 rabrasive
ð5Þ
where C can be calculated as C=(ma=ma+mf)3 100,
where ma is the weight of abrasive particles, mf is the
weight of ferromagnetic particles; rabrasive is the density
of the abrasive particles; and rferro is the density of fer-
romagnetic particles. The volume of ferromagnetic par-
ticles in FMAB is
Vferro=
100 Cð Þ3 rbrush3Vbrush
1003 rferro
ð6Þ
where Vbrush is the volume of the brush and is given as
Vbrush=Abrush3working gap ð7Þ
Figure 3. (a) Schematic of two-dimensional arrangement of
chains comprising ferromagnetic and abrasive particles on
enactment of magnetic field, (b) an arrangement of abrasive and
ferromagnetic particles in 3D BCC structure and (c) BCC unit
cell considered for modeling.
Hence, from equations (5)–(7), the volume fraction
of ferromagnetic particles (a) is given by
a=
Vferro
Vbrush
ð8Þ
Calculation of average normal force
The magnetic flux density calculated in section ‘‘Finite
element simulation of magnetic field’’ on the surface of
the workpiece was used to estimate pressure on this
surface. The average normal pressure (Pm) exerted by
the FMAB on the surface of the workpiece can be
expressed by the following equation17
Pm=
B2
4m0
3
3p mFP  1ð Þa
3 2+mFPð Þ+p mFP  1ð Þa
ð9Þ
where B is the average magnetic flux density on the sur-
face of the workpiece, m0 is magnetic permeability in
vacuum (4p3 1027N/A2), mFP denotes magnetic per-
meability of ferromagnetic particles and a is the vol-
ume fraction of ferromagnetic particles in the FMAB.
Therefore, the average normal force exerted by the
FMAB is given by23
FN=Pm3Abrush ð10Þ
Thus, the average normal force by a single abrasive
particle ( fN) on the surface of the workpiece can be cal-
culated as
fN=
FN
na
ð11Þ
Calculation of average finishing torque
The normal force calculated in section ‘‘Calculation of
average normal force’’ developed due to the magnetic
field acting on abrasive particles results in their inden-
tation into the workpiece surface. The relative motion
between the indented abrasive particles and workpiece
surface causes a resisting force tangential to the surface.
To overcome this resisting force, a torque has to be
provided to the electromagnet, which is called finishing
torque. The cross-sectional view of an indented active
abrasive particle into the workpiece surface is shown in
Figure 4. The extent of indentation of abrasive particles
depends upon the magnitude of the normal force and
hardness of the workpiece material.27 When the tangen-
tial force is applied to abrasive particles, due to rota-
tion of the electromagnet, the workpiece material in
front of the indented portion resists the motion of abra-
sive. This resistance depends directly on the magnitude
of the normal force (or indentation force). When the
tangential force is sufficient to overcome this resistance,
the abrasive plows the material in front of it causing
abrasion of the workpiece on its surface. Bowden
et al.29 stated that the frictional force was not only a
surface effect but also depended upon the bulk
properties of sliding bodies. They described that the
frictional resistance between the sliding bodies was
essentially caused by the shearing of metallic junctions
formed due to adhesion or welding at contact points
and also due to the resistance force of plowing of the
surface irregularities of the softer metal by the harder
one.
When an indented active abrasive particle is pro-
vided a relative motion tangential to the workpiece sur-
face, plowing and adhesion phenomena cause friction
between the abrasive and the workpiece. The coefficient
of friction depends on the shape and size of the abrasive
particle.30 Here, it is assumed that the frictional force
acting between the FMAB and the workpiece surface is
caused by plowing and adhesion. The friction force
during the interaction of the FMAB and the workpiece
surface is derived below. The force on single abrasive
particle is given by31
fN=swDA ð12Þ
where
DA=
pD2i
4
ð13Þ
where DA is the area of indentation and sw is flow
stress of the workpiece material, which is related to its
Brinell hardness (Hw) by the following equation
32
sw=KHw ð14Þ
Here, K=1 for brittle material and K . 1 for ductile
material (for steel K=3.0). Hence, from equations
(12)–(14), the diameter of indentation by the abrasive
particle into the workpiece surface can be calculated as
Di=2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
fN
pKHw
s
ð15Þ
The coefficient of friction due to plowing and adhe-
sion of a sphere on a flat surface is
m=mp+ma ð16Þ
Figure 4. Schematic of cross-sectional view of an active
abrasive particle indented into surface of workpiece.
Here, mp is the plowing friction coefficient and ma is the
adhesion friction coefficient, where the former is given
by30
mp=
2
p
 
D2a
D2i
 
sin1
Di
Da
 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2a
D2i
 
 1
s" #
ð17Þ
and the latter is30
ma=mmm
4D2a
pD2i
 
1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 Di
Da
 2s24
3
5 ð18Þ
Here, Da is the diameter of the abrasive particle, Di is
the diameter of the indentation (see Figure 4) and mmm
is the coefficient of friction of the workpiece material
whose value is taken as 0.3.33 Then, the total friction
force (F0) caused by all active abrasives responsible
for a torque between the FMAB and the workpiece is
F0 = naf0 =mfNna ð19Þ
The torque TMAF without ultrasonic vibration pro-
duced by the electromagnet is given by
TMAF=F0rmean ð20Þ
Here, rmean is the mean radius of the electromagnet
which can be calculated by assuming a uniform wear
theory,34 that is
rmean=
router+ rinner
2
ð21Þ
where router and rinner are the outermost and innermost
distance of the pole from the center of the electromag-
net, respectively. The torque in equation (20) was calcu-
lated for a case when no ultrasonic vibration was
applied in the finishing zone; hence, this torque is for
plane MAF. To calculate torque during UAMAF, the
effect of ultrasonic vibrations should be considered; it
is discussed in the following section.
Effect of ultrasonic vibrations on finishing torque
In UAMAF, the FMAB rotates with a constant angu-
lar speed about Z-axis, and a vibratory motion with
amplitude A and frequency f is provided by the ultraso-
nic horn along X-axis. Kumar and Hutchings35 pro-
posed a theory, which states that vibration affects the
friction force exerted on the body whether its sliding
velocity is collinear or normal to the vibration direc-
tion. Hence, the effect of ultrasonic vibration on the
frictional force was calculated by imposing ultrasonic
vibration on the sliding abrasive. Active abrasive
particles in the FMAB slide with different tangential
velocities and follow different tracks. For simplicity, it
is assumed that all the active abrasive particles have
constant tangential velocity Vr on the surface of the
workpiece due to rotation of magnet, and its magni-
tude is given by Vr=(2pNrmean=60) (m=s), where N is
the number of revolutions per minute of the electro-
magnet. Over one rotation of the magnet, the velocity
Vr changes its direction with respect to the direction of
vibration. Hence, the effect of ultrasonic vibration was
formulated by dividing the problem into two cases by
considering two components of Vr. One component Vx
is along X-axis (i.e. along the direction of vibration)
and other is Vy along Y-axis (i.e. perpendicular to the
direction of vibration), where Vx=Vr cos u and
Vy=Vr sin u (u is instantaneous angle between Vr and
direction of vibration as shown in Figure 5). Now in
Case 1, the component of velocity of abrasive particle
along the direction of vibration is considered, and in
Case 2, the component of velocity of abrasive particle
perpendicular to the direction of vibration velocity is
taken. Then, effect of ultrasonic vibrations is calculated
on the frictional force between FMAB and the work-
piece surface in each case.
The magnitude of total friction force F0 remains
constant but magnitude of components along X-axis
and Y-axis directions will change with time. The mag-
nitudes of components of the F0 depends on the instan-
taneous value of u and are given by FX=F0 sin u and
FY=F0 cos u (Figure 5). Here, for the simplification, it
is assumed that the components of friction force remain
constant over the whole range of u and are given by the
root mean square (RMS) value of their magnitude
waveform created over the one rotation, that is,
FX=FY=F
0
0 = (F0=
ffiffiffi
2
p
).
Case 1: component of velocity along direction of ultrasonic
vibration. The instantaneous velocity of ultrasonic vibra-
tion, that is, of the workpiece surface, is assumed to be
given by the equation
Vu tð Þ=2pfA sin 2pftð Þ ð22Þ
where A and f are the amplitude and frequency of
vibration, respectively (see Figure 6(a)). From equation
(22), it is observed that the velocity vanishes at the ends
and is the maximum in the middle of each cycle;
Figure 5. Schematic of track of indented active abrasive
particle and components of rotational velocity and friction force.
Figure 6(b) shows the variation of instantaneous velo-
city of workpiece and the change in friction force with
time during one vibration cycle. Apparently, initially,
the velocity keeps on increasing; at point A, it becomes
equal to the component of sliding velocity (Vx). During
the time interval OA, the friction force acts opposite to
the direction of the component of sliding velocity (Vx)
of the abrasive particle. After point A, the instanta-
neous velocity of workpiece, Vu(t) is greater than Vx,
and during interval AB it exceeds Vx; hence, there
occurs a reversal of direction of the friction force, and
it acts in the direction of Vx. The coefficient of friction
is assumed to be independent of change in the relative
velocity between the parts. During interval OA,
Vx.Vu(t), hence, the friction force acts opposite to the
direction of Vx and is taken as positive. For interval
AB, Vx\Vu(t), the friction force acts in the same
direction as Vx and is taken as negative. Over the
remaining vibration cycle, Vx remains greater than
Vu(t), that is, for interval BF, the frictional force is pos-
itive. The frictional force acting during time intervals
AB and DE are equal but opposite in direction; hence,
when calculating average frictional force, their effects
eliminate each other. Thus, only four remaining inter-
vals OA, BC, CD and EF contribute to the friction
force acting on the abrasive particles. The average fric-
tional force acting during one vibration cycle was com-
puted by considering these four time intervals.
The workpiece velocity Vu(t) becomes equal to the
sliding velocity Vx of the abrasive at any time t= ts;
hence, from equation (22), time ts can be calculated as
ts=
1
2pf
sin1
Vx
2pAf
 
ð23Þ
The resultant averaged friction force (Fxa) acting
over the complete cycle of vibration is given by35
Fxa=
F 00
T
4tsð Þ=F 00
2
p
sin1
Vx
2pAf
 
ð24Þ
where F 00 is the friction force that acts without vibra-
tions and T is the time period of vibration. In present
case, it was observed that the reduction in friction took
place only when the component of velocity of the abra-
sive particles Vx was less than the maximum velocity of
the vibration; otherwise, there was no effect of vibra-
tion on the change in friction.
Case 2: component of velocity perpendicular to direction of
ultrasonic vibration. In Figure 7(b), Vrr represents the
resultant velocity of the rotational velocity component
Vy and the vibrational velocity Vu(t) (refer Figure 7(a)).
When vibrational velocity reaches its maximum value, it
makes angle c with Vy. The frictional force acts oppo-
site to the direction of resultant velocity Vrr. Therefore,
in one vibrational cycle, the frictional force changes its
direction from (+c) to ( c) in direction opposite to
the velocity of sliding Vy. The included angle between
the endmost directions of the line of action of the fric-
tion force is 2c as shown in Figure 7(b).
If, at any instant, j is the angle between vectors Vrr
and Vy, the component of frictional force can be divided
into two components along X- and Y-directions:
1. In the direction of the velocity component Vy of
abrasive, that is, Fy(t)=F
0
0 cos j.
2. In the direction perpendicular to Vy (i.e. in the
direction of Vu), that is, Fx(t)=F
0
0 sin j.
From Figure 7(b), j is given by
j=tan1
Vu tð Þ
Vy
 
ð25Þ
Figure 6. (a) Sliding of abrasive over workpiece surface with vibratory motion collinear with sliding velocity direction and
(b) variation of instantaneous vibrational velocity of workpiece with time and corresponding change in friction force direction
between abrasive and workpiece.
The instantaneous velocity of vibration vanishes at
the phase angles 0, p and 2p; hence, vibration has no
effect at these phase angles. The maximum velocity of
vibration occurs at phase angle of p=2 and 3p=2; for
these phase angles, the variation resultant of the instan-
taneous frictional force due to ultrasonic vibration
depends strongly on the ratio (Vu=Vy). From
Figure 7(b), it can be easily concluded that the average
value of the frictional force component (Fx(t)) along the
direction of vibration vanishes for whole cycle of vibra-
tion. Hence, only the component of frictional force
Fy(t) has an effect over the complete cycle of vibration,
and its average value can be calculated by integrating it
over the time period for the cycle of vibration.
The average friction force over the complete
time period for one cycle of vibration (Fya) along
the perpendicular to the direction of vibration is given
by35
Fya=
1
T
ðT
0
F 00 cos jdt ð26Þ
From equations (25) and (22)
Fya=
1
T
ðT
0
F 00 cos tan
1 2pAf sin 2pftð Þ
Vy
  
dt ð27Þ
Considering, the phase angle for the vibration
cycle as u=2pft, the above equation can be rewritten
as
Fya=
1
2p
ð2p
0
F 00 cos tan
1 2pAf sin uð Þ
Vy
  
du ð28Þ
The above equation was computed numerically to
get the averaged value of the friction force along the
direction of Vy component of the sliding velocity. Form
equation (27), it is concluded that as the ratio of vibra-
tional velocity Vu(t) to the velocity component Vy
increases, there is a gradual decrease in the resultant
average friction force Fya over the time period of vibra-
tion cycle. As the ratio increases, there is considerable
reduction in the computed frictional force.
The values of the average frictional force were com-
puted in both the cases for a single cycle of vibration; a
similar cycle is repeated over the whole finishing time.
It is assumed that the force calculated for one cycle of
vibration will remain constant. Hence, total average
frictional force considering the effect of ultrasonic
vibration is computed as
Fau=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fxa
2 +Fya
2
q
ð29Þ
To calculate the above equation, forces Fxa and Fya
were computed using equations (24) and (28), respec-
tively, to get the value of Fau at every angle between 0
and 90 at an interval of 1. To simplify the calculation
of the torque, the mean value Fau was taken. Hence,
torque TUAMAF due to the effect of ultrasonic vibration
can be calculated as
TUAMAF=Faurmean ð30Þ
This torque (TUAMAF) had the lower magnitude as
compared to the torque TMAF calculated with equation
(20) for the same set of process parameters. Hence, it
was concluded that the torque produced in UAMAF
had a smaller magnitude as compared to the torque
produced during conventional MAF, which is validated
by experiments.
Figure 7. (a) Sliding of abrasive over workpiece surface with a vibratory motion perpendicular to sliding velocity direction and (b)
relationship between vibrational velocity, sliding velocity, resultant velocity and direction of friction force, changing along angle 2c.
Experimentation
The experimental setup used to measure finishing forces
for the case of UAMAF is shown in Figure 1. The
setup comprised a specially designed workpiece fixture,
an ultrasonic vibration generator unit and dynam-
ometer assembly. The assembly consists of a dynam-
ometer (SCHUNK: Delta sensor with SI-330-30
Calibration), a data acquisition (DAQ) system and a
data processor unit used to measure the normal force
and finishing torque during UAMAF. The complete
UAMAF setup was installed on a computer numerical
control (CNC) milling machine. The electromagnet was
mounted on the spindle to get the rotational motion.
The working gap was maintained along Z-axis between
the horizontal workpiece surface and the electromag-
net. The ultrasonic vibratory motion was given to the
workpiece in X-direction, and the electromagnet pro-
vided rotatory motion through the spindle with Z-axis
as the axis of rotation. The experiments were carried
out using three different parameters—supply voltage,
working gap and mass fraction of abrasive in FMAB.
The UMAPs prepared for experimentation contained
different concentrations of abrasive particles (SiC)
ranging from 15% to 30% of the total weight of
UMAPs, which was 8 g, with the size of ferromagnetic
particles of 300 mesh size and SiC particles of 400 mesh
size. As already reported, the abrasive grain size has an
insignificant effect on the finishing forces;23 hence, the
size of abrasive particles was kept constant. The work-
piece material used for experiments was AISI 52100
steel with the hardness value of 61HRC or 670BHN.
The DAQ was used to record the data for the normal
force and the finishing torque about the Z-axis from
the dynamometer; Figure 8(a) and (b) shows typical
plots of the measured data for the normal force and the
finishing torque, respectively, at 60V, 1.5-mm gap and
Ton=2 s and Toff=2 s.
From Figure 8(a), it can be observed that there is no
significant variation in the normal force during Ton and
Toff during finishing. Hence, the normal force was
assumed to be constant during the finishing, and its
magnitude was the average of all the values obtained
during experimentation. When ultrasonic vibration was
applied, the torque increased rapidly due to the
Figure 8. Variation of measured (a) normal force and (b) finishing torque with time, at 60 V, 1.5-mm gap Ton = 2 s and Toff = 2 s.
reaction force created by external support, but when
the vibrations was stopped, workpiece still vibrated due
to inertia and the torque produced was lower than that
produced without vibration (Figure 8(b)). This reduc-
tion in torque is because of the reduction in friction
force between the FMAB and the workpiece surface.
The previous researchers35,36 also suggested that there
was a reduction in sliding friction on application of
vibrations. The experimental values used to calculate
the normal forces were the average over the whole
period of time, but for average value of the finishing
torque, only time Toff (i.e. without vibrations) was con-
sidered during the experimentation.
Results and discussion
To check the validity of the developed force model, the
simulated values for the normal force and the finishing
torque were compared with the experimental results.
The material properties and machining parameters
used in the simulations were as follows: density of SiC
abrasive (rabrasive) as 3210kg/m
3, density of ferromag-
netic particle as 7874 kg/m3, relative permeability of
ferromagnetic particles (mFP) as 1300, permeability of
free space (m0) as 4 3 10
27H/m15 and relative perme-
ability of abrasive grain (mABR) as 0.999.
37 The size of
abrasive and ferromagnetic particles were 400 and 300
mesh numbers, respectively. Amplitude and frequency
vibration used were 8mm and 20 kHz, respectively. The
effects of various finishing parameters such as supply
voltage, working gap, the concentration of abrasive in
the FMAB on the normal force and the finishing tor-
que for the UAMAF process are discussed below.
Voltage
In the UAMAF process, the input voltage to the elec-
tromagnet produced the magnetic field, controlling the
magnetic pressure applied by the FMAB on the surface
of the workpiece. Figure 9(a) and (b) demonstrates the
comparison of calculated and experimental values of
the average normal force and the finishing torque for
Figure 9. Comparison of experimental and predicted values of (a) average normal force and (b) average finishing torque during
UAMAF gap of 1.5mm; parametric analysis of (c) average normal force (d) average finishing torque for different values of supply
voltage at varying working gap.
different levels of supply voltage. The effect of voltage
on the average normal force is shown in Figure 9(a); it
is observed that the force increased with voltage. This is
attributed to the fact that with increased voltage, the
average magnetic flux density in the finishing gap
increases, thus forming strong chains of ferromagnetic
particles, causing an increase in the yield strength of the
FMAB. Hence, active abrasive grains in FMAB create
a higher normal force on the surface of the workpiece.
The increased average normal force on active abrasive
grains caused greater indentation of abrasive grains
into the workpiece surface; hence, the torque required
to rotate the brush increased (Figure 9(b)).
There is some deviation of theoretical results from
experimental observations. At a lower voltage, abrasive
and ferromagnetic particles were not rigidly held
together. Hence, during finishing some abrasive parti-
cles dropped down from the FMAB and formed a
micro-layer under it. Effectively, the finishing occurred
with a much higher number of active abrasive particles
than assumed. The magnetic levitation force acting on
them produced relatively higher force. As the voltage
increased, the FMAB gained the strength; also, the
bonding strength between abrasive and ferromagnetic
particles increased. The amount of actual active abra-
sive particles on the workpiece surface reduced. At a
very high voltage, only a fraction of the calculated
active abrasive particles acted on the surface. Also, the
effect of vibrations reduced the normal force that was
not accounted in the model. Hence, the calculated
forces and torque were greater than experimentally
observed values. Figure 9(c) and (d) shows the trends
for average normal force and finishing torque with sup-
ply voltage at different working gaps as obtained in the
simulations. It is concluded from the figure that the
increasing gap at the fixed voltage results in a decrease
in the normal force and the finishing torque.
Working gap
The working gap refers to the distance between the
electromagnet and the surface of the workpiece in
UAMAF. Figure 10 shows an increase in the average
normal force and the finishing torque with a decrease
in the working gap in UAMAF. It is due to the fact
that a smaller working gap results in a higher magnetic
flux density; hence, a higher magnetic pressure acted
on the workpiece surface resulted in a higher normal
force exerted by FMAB on the workpiece surface. The
size of indentation of abrasive depends upon the nor-
mal force acting on it, and the radius of indentation
affects the coefficient of friction (equations (16)–(19))
and, thereby, the finishing torque. Hence, the finishing
torque also decreases with an increase in the working
gap as observed from Figure 10(b).
Concentration of abrasives
The mass fraction of abrasive in the FMAB is the ratio
of the mass of abrasive particles to the total mass of
UMAPs (ferromagnetic and abrasive particles). The
abrasive particles are generally of non-magnetic nature.
Hence, their magnetic permeability is very small com-
pared to that of ferromagnetic particles. The addition
of abrasives to ferromagnetic particles will tend to
reduce the magnetic permeability of the FMAB.
Therefore, its magnetic permeability depends upon the
magnetic permeability of ferromagnetic and abrasive
particles and also on their individual quantity in
UMAPs. The effect of mass fraction of abrasive parti-
cles in the FMAB on the average normal force is shown
in Figure 11. Both parameters decreased with an
increase in the mass fraction of abrasives. This was due
to the fact that an increasing amount of abrasive parti-
cles in the FMAB reduces its relative magnetic
Figure 10. Effect of working gap on (a) averaged normal force and (b) averaged finishing torque during UAMAF for different supply
voltages.
permeability. This reduction diminishes the rigidity of
the FMAB and, hence, the force applied by it. Also, it
can be concluded from Figure 11 that an increase in
the voltage at the same mass fraction of abrasive parti-
cles causes an increase in the normal force and finishing
torque.
Conclusion
In this work, a model of the electromagnet was created
and finite element method (FEM) simulation was per-
formed to assess the magnetic flux density on the sur-
face of the workpiece. The theoretical models for the
normal force and the finishing torque during UAMAF
were also presented. The following outcomes are
deduced from the presented analysis:
1. The simulation of the electromagnet predicted the
magnetic flux density on the workpiece surface rea-
sonably well.
2. It was established by means of mathematical mod-
eling that the finishing torque was directly depen-
dent on the normal force produced by the magnetic
field.
3. The magnetic flux density on the workpiece surface
decreased as the working gap increased and
increased with supply voltage.
4. Increased supply voltage resulted in higher normal
force and finishing torque.
5. Increased concentration of abrasive particles in
FMAB reduced the normal force and the finishing
torque of UAMAF.
6. The mathematical models for prediction of the
normal force and the finishing torque were devel-
oped successfully based on the process physics.
The developed models were validated with the
obtained experimental results and found to be in
reasonably good agreement.
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Appendix 1
Notation
A amplitude of ultrasonic vibration
Abrush theoretical area of brush in contact with
workpiece surface
Aw Actual area of brush in contact with
workpiece surface
Ap area of the pole of electromagnet
B average magnetic flux density
C weight fraction of abrasives or
concentration of abrasive by weight
Da diameter of abrasive particle
Df diameter of ferromagnetic particle
Di diameter of indentation
f frequency of ultrasonic vibration
Fau total average frictional force in UAMAF
f0 friction force caused by single abrasive
particle
fN average normal force acting on single
abrasive particle
F0 total friction force caused FMAB
FN averaged normal force exerted by FMAB
FX component of friction force along X-axis
FY component of friction force along Y-axis
Fxa resultant averaged friction force along
X-axis during complete cycle of vibration
Fya resultant averaged friction force along
Y-axis during complete cycle of vibration
Hw Brinell hardness of workpiece material
K constant
l length of unit BCC cell
M, Ma,
Mb
mesh number, lower mesh number, upper
mesh number
na number of active abrasive particles
N r/min of electromagnet
Pm averaged normal pressure
rinner innermost distance of pole from center of
electromagnet
rmean mean radius of electromagnet
router outermost distance of pole from center of
electromagnet
T time period of vibration
TMAF torque produced without ultrasonic
vibrations
TUAMAF torque acting during UAMAF
Vbrush volume of brush
Vferro volume of ferromagnetic particles in
FMAB
Vr tangential velocity of abrasive particle
during rotation
Vrr resultant velocity between velocity
component Vy and Vu
Vu(t) instantaneous velocity of ultrasonic
vibration at time t
Vx component of velocity of abrasive particle
along X-axis
Vy component of velocity of abrasive particle
along Y-axis
a volume fraction of ferromagnetic particles
hb factor taking into account deviation of
actual area of brush that takes part in
finishing as compared to area of pole of
electromagnet
m coefficient of friction
m0 magnetic permeability in vacuum
ma adhesion friction coefficient
mABR magnetic permeability of abrasive
particles
mbrush magnetic permeability of FMAB
mFP magnetic permeability of ferromagnetic
particles
mp plowing friction coefficient
rabrasive density of abrasive particle
rbrush density of flexible magnetic abrasive brush
rferro density of ferromagnetic particle
sw flow stress of workpiece material
